Abstract. We present some properties of (not necessarily linear) positive maps between C * -algebras. We first extend the notion of Lieb functions to that of Lieb positive maps between C * -algebras. Then we give some basic properties and fundamental inequalities related to such maps. Next, we study n-positive maps (n ≥ 2). We show that if for a unital 3-positive map Φ : A −→ B between unital C * -algebras and some A ∈ A equality Φ(A * A) = Φ(A) * Φ(A) holds, then Φ(XA) = Φ(X)Φ(A) for all X ∈ A . In addition, we prove that for a certain class of unital positive maps Φ : A −→ B between unital C * -algebras, the inequality Φ(αA) ≤ αΦ(A) holds for all α ∈ [0, 1] and all positive elements A ∈ A if and only if Φ(0) = 0. Furthermore, we show that if for some α in the unit ball of C or in R + with |α| = 0, 1, the equality Φ(αI) = αI holds, then Φ is additive on positive elements of A . Moreover, we present a mild condition for a 6-positive map, which ensures its linearity.
Introduction and preliminaries
Let B(H ) denote the C * -algebra of all bounded linear operators on a complex Hilbert space (H , ·, · ) with the unit I. If H = C n , we identify B(C n )
with the matrix algebra of n × n complex matrices M n (C). We consider the usual Löwner order ≤ on the real space of self-adjoint operators. An operator A is said to be strictly positive (denoted by A > 0) if it is a positive invertible operator. According to the Gelfand-Naimark-Segal theorem, every C * -algebra can be regarded as a C * -subalgebra of B(H ) for some Hilbert space H . We use A , B, · · · to denote C * -algebras and A + and A ++ to denote the sets of positive and positive invertible elements of A , respectively. A map Φ : A → B between C * -algebras is said to be * -map or self-adjoint if Φ(A * ) = Φ(A) * . It is positive if Φ(A) ≥ 0 whenever A ≥ 0. It is called strictly positive if A > 0 implies that Φ(A) > 0. We say that Φ is unital if A , B are unital and Φ preserves the unit. In this case, we simply denote both units of A and B by I. A map Φ is called n-positive if the map Φ n : M n (A ) → M n (B) defined by Φ n ([a ij ]) = [Φ(a ij )] is positive, where M n (A ) stands for the C * -algebra of n × n matrices with entries in A . A map Φ is said to be completely positive if it is n-positive for all n ∈ N; see [1, 18, 11] . It is known that for A > 0, B ≥ 0 as two elements in M n (A ), However the converse of this statement is not true, in general (see [3, page 422] ). For example, the usual determinant and the permanent are completely positive functions on M n (C) as well as strongly superadditive functions over the cone of positive semidefinite matrices in M n (C) (see [2] and [20] ).
Recently, Paksoy et al. [19] gave an extension of inequality (1.2) for generalized matrix functions of positive semidefinite matrices associated with any subgroup of the permutation group and Lin and Sra [16] generalized this inequality for self-adjoint matrices.
Ando and Choi [2] characterized completely positive non-linear maps between C * -algebras. They showed that such maps can be represented as the sum of completely positive maps which are mixed homogeneous. Moreover, they showed that [2, Theorem 3] for every X ∈ A . Günther and Klotz [10] investigated n-positive norms on M k (C) as n-positive maps. They show that there is not any 4-positive norm on M k (C).
The aim of this paper is to extend some properties of linear positive maps for general positive maps. In the next section, we give the notion of Lieb map as an extension of Lieb function. We then prove some basic properties of such maps and give a relationship between Lieb maps and 2-positive maps.
Section 3 is devoted to the study of 3-positive maps. We show that for every unital 3-positive map Φ : A → B between C * -algebras the validity of Φ(A * A) = Φ(A) * Φ(A) for some A ∈ A implies that Φ(XA) = Φ(X)Φ(A) for all X ∈ A . Furthermore, we show that this result does not hold for non-linear 2-positive maps, in general. This gives an extension of a result due to Choi for 2-positive linear maps. We then prove that every 3-positive map Φ : A → B is superadditive on positive elements whenever Φ(0) = 0, and yield some new results on the n-positivity of any C * -norm. Section 4 begins with a study of a class of positive maps by establishing that for a certain class of positive maps Φ : A → B, the inequality Φ(αA) ≤ αΦ(A) holds for all α ∈ [0, 1] and all positive elements A ∈ A if and only if Φ(0) = 0. Furthermore, we show that if for some α in the unit ball of C or in R + with |α| = 0, 1, the equality Φ(αI) = αI holds, then Φ is additive on positive elements of A . Finally, we prove that for some classes of positive maps Φ : A → B, it is linear if and only if Φ (r + is)I = (r + is)I for some r, s ∈ R with 0 = |r + is| < 1 and s = 0.
Some basic properties of Lieb maps
In this section, we extend the definition of a Lieb function [15] by introducing the concept of Lieb map between C * -algebras. Then we study some significant properties of such maps. Recall that a map ϕ : A → C is called a Lieb function if it has the following properties:
We generalize this definition as follows:
Definition 2.1. Let A , B be two C * -algebras. A map Φ : A → B is called a Lieb map if it has the following properties:
The monotonicity ensures that all Lieb maps are positive (see the proof of Proposition 2.4). Note that a Lieb map is not continuous, in general. There are several significant examples of Lieb maps. 
Since K is a contraction, we get K * K ≤ I and therefore 
, and the last matrix is positive by the Cauchy-Schwarz part of the definition of a Lieb map.
(⇐=) First note that Φ is a positive map. To see this, take B = C = 0 in (2.1). We first observe that for positive elements X, Y in a C * -algebra, we have
Indeed, for arbitrary ε > 0 we can write
Hence, by letting ε −→ 0, we get
2) again, we conclude that Φ(B) ≤ Φ(A), which proves the monotonicity condition for Φ. The Cauchy-Schwarz inequality immediately follows from the positivity of matrix
Corollary 2.5. There is a close relationship between Lieb maps and 2-positive maps. However, there are Lieb maps, which are not self-adjoint. For example, let Φ be a 2-positive map such that for a non-selfadjoint element A, Φ(A) = 0. Then the map Ψ defined by
is a Lieb map (by an easy application of Proposition 2.4), which is not a * -map since, by the proof of Corollary 2.5, each 2-positive map is a * -map.
It is easy to show that a positive linear map Φ between unital C * -algebras is strictly positive if and only if Φ(I) > 0. We claim that this fact holds for all Lieb maps between unital C * -algebras. Indeed, if A > 0 there is ε ∈ (0, 1) such that A ≥ εI. Since Φ is monotone, we get Φ(A) ≥ Φ(εI). We only need to show that Φ(εI) is invertible. First assume that Φ(I) = I. The positivity and the Cauchy-Schwarz property of Φ implies that
This shows that
In the case when Φ is not unital, define map Ψ(X) = Φ(I) 
Proof. (a) The positivity and the Cauchy-Schwarz property of Φ implies that
Second inequality follows from the fact that Φ(I) −1 ≥ I whenever 0 < Φ(I) ≤ I. (b) According to the positivity and the Cauchy-Schwarz property of Φ, we get
for every A > 0. Hence,
The statement about 2-positive maps now follows directly from the statement about Lieb maps and Corollary 2.5 (1).
The next corollary is another consequence of Proposition 2.4. 
which implies that · is a C * -norm.
Conversely, if
A X * X B ≥ 0, then by Lemma 2.3, we have
for arbitrary small ε > 0. The inequality (B + εI)
We remark that Corollary 2.7 also holds if · is a 2-positive norm on a unital C * -algebra.
3-positivity of non-linear maps
This section gives some properties of 3-positive maps. We begin by proving a property of 2-positive linear maps for non-linear 3-positive maps. The following lemma is straightforward, so we omit its proof. Choi [7, Theorem 3.1] showed that if Φ : A → B is a unital 2-positive linear map between unital C * -algebras such that Φ(A * A) = Φ(A * )Φ(A) for some A ∈ A , then Φ(XA) = Φ(X)Φ(A) for every X ∈ A . We remark that this result does not hold for an arbitrary unital 2-positive map. Indeed, for the C * -norm of a C * -algebra as a unital 2-positive map (see Corollary 2.7), A * A = A * A for every A ∈ A . However, the equality AX = A X is not valid, in general.
The following theorem gives a generalization of the above fact for non-linear 3-positive maps. 
Since Φ is 3-positive, we have
Using the positivity of matrix (3.1), we deduce that
Since Φ(A * A) = Φ(A) * Φ(A) and Φ is self-adjoint, we conclude that
Since Φ(X * X) − Φ(X * )Φ(X) ≥ 0, by using Lemma 3.1, we get Φ(A * X) = Φ(A * )Φ(X). Due to Φ is a * -map, Φ(XA) = Φ(X)Φ(A). Theorems 3.2 and 3.5 show that the assumption of 3-positivity is a strong condition on the norm of a C * -algebra. Recall that a norm · on a normed space X is called strictly convex if for all non-zero elements X, Y ∈ X , X + Y = X + Y implies X = λY for some λ ∈ C. Corollary 3.6. If (A , · ) is a unital C * -algebra and · is a strictly convex 3-positive map, then A = C.
Proof. Assume that P is a positive element of A . Employing Theorem 3.5 we get P + I = P + I . Since · is strictly convex, we have P = cI for some positive number c. The assertion follows from this and the fact that positive elements of A linearly generate it.
non-linear maps of class S (n) mon+
In this section, we study the strong superadditivity and the starshapness of maps in some classes of positive maps. These classes are between the classes of n-positive and 2n-positive maps and enjoy of some interesting properties. Ando et. al [2, Theorem 3] showed that if Φ is a 4-positive map, then Φ is strongly superadditive on positive elements. (In that theorem, they assumed that Φ is completely positive, however, in the proof they used only the 4-positivity of Φ.) We say a positive map Φ : A → B is in the class S (n) mon+ whenever the map Φ n is monotone on positive elements of M n (A ). It is easy to show that every 2n-positive map is in the class S .2)). Moreover, the 2n-positivity of Φ implies the 2-positivity of Φ n . Hence,
It is however unknown to the authors whether every 3-positive map is in the class S
mon+ . There are several examples of maps in the class S (ii) every positive semidefinite matrix P ∈ M n (C) induces a map φ P : M n (C) → C defined by φ P (A) = |tr(AP )| such that it is a 3-positive semi-norm on M n (C) (see [10, Lemma 6.1] ). We show that φ P is in the class S (2) mon+ . If
, then we have
. Since the trace is completely positive, we get tr(AP ) tr(CP ) tr(CP )
. This shows φ P is in the class S (2) mon+ , since the map | · | on C is in the class S mon+ . We now show that if Φ : A → B is in the class S (2) mon+ , then it is strongly superadditive on positive elements of A . Let A, B, C ∈ A + . Clearly,
Since Φ is in class S
mon+ , we have
, which implies that
Therefore, by using (2.2), we get Next, we show that inequality (4.1) does not hold, in general if we reduce our assumption to the 2-positivity of Φ. it is enough to show that β, γ ∈ Γ implies that β + γ 2 ∈ Γ. Without loss of generality, we may assume that β ≤ γ. Since Φ is in the class S (2) mon+ , it follows from inequality (4.2) with βA instead of A and γ − β 2 A instead of both B and C that
Moreover, since β, γ ∈ Γ, we get
(2) ⇐⇒ (3). It is enough replace α by 1 α .
(2) =⇒ (1). We have Φ(
Letting n −→ ∞ and using the continuity of Φ we get (1).
The following lemma and Theorem 4.4 give the homogeneity and the linearity of some positive maps belonging to certain classes of maps. We denote the closed unit ball of C by C 1 . Proof.
(1) First assume that α ∈ C 1 . Using Choi's inequality and employing the self-adjointness property of Φ, we get
whence, by applying Theorem 4.2, we infer that
Hence, Φ (αI) * αI = Φ(αI) * Φ(αI). Now, Theorem 3.2 yields
for every A ∈ A . In the case when α ∈ R + , we give the proof only for the case α > 1; the other case follows form the case when α ∈ C 1 . We first show that Φ 1 α I = 1 α I.
It follows from Choi's inequality (Corollary 2.6 (b)) that
since Φ(αI) = αI. From 1 α < 1 and Theorem 4.2 we infer that
(by (4.5).)
Hence,
for every A ∈ A . Replacing A by αA in equality (4.6), we get Φ(αA) = αΦ(A).
(2) Set Ω := {α ∈ C 1 ∪ R + | Φ(αI) = αI}. From the previous part we have Ω = {α ∈ C 1 ∪ R + | Φ(αA) = αΦ(A), for every A ∈ A }. First note that
Fact(2) : For every α ∈ Ω we have
By induction, we get |α| 2n , |α| −2n (n ∈ N) are in Ω. Next, let α ∈ Ω such that |α| = 0, 1, and that β ∈ R + . We aim to show that β ∈ Ω. Using Fact(1), we may assume that β ≥ 1. In the case when 1 ≤ β ≤ |α|, we have
≤ |α| 2 β |α| 2 Φ(I) (by Theorem 4.2) = βI.
Since β ≥ 1, Theorem 4.2 implies that Φ (βI) = βI. In the case when 1 < |α| ≤ β (resp. 0 < |α| < 1 ≤ β), there is a number n ∈ N such that 1 ≤ β ≤ |α| 2n (resp. 1 ≤ β ≤ 1 |α| 2n ). Now, the same reasoning as above and Fact (2) show that Φ(βI) = βI. Thus, in all cases, we have β ∈ Ω.
We proceed to show that Φ is additive on positive elements of A . Let A and 
Therefore, by using the second part of Lemma 4.3, we get
The task is now to show Φ(βA) = βΦ(A) for every β ∈ R and A ∈ A . Part (2) of Lemma 4.3 ensures Φ(βI) = βI, for all β ∈ R + and so part (1) then shows Φ(βA) = βΦ(A) for all A ∈ A and all β ∈ R + . Let β ∈ R − . The additivity of Φ implies that
for every A ∈ A . Hence,
This implies that Φ(βA + B) = βΦ(A) + Φ(B) for every β ∈ R and A, B ∈ A .
(2) To prove the linearity of Φ, we only need to prove that Φ(iI) = iI. Using the equality Φ (r + is)I = (r + is)I, we have rI + isI = Φ(rI + isI) = Φ(rI) + Φ(siI) (since Φ is additive) = rΦ(I) + sΦ(iI) (since Φ is homogeneous on R)
which implies that Φ(iI) = iI. A similar argument can be used to show the results in the case when Φ is in the class S
mon+ . Indeed, if Φ is in the class S Since Re(f * b) ≤ |f b|, we can write (|a| − |e|)(|c| − |g|) = (a − e)(c − g)
This immediately implies that |a| |b| |b * | |c| ≥ |e| |f | |f * | |g| .
However, | · | is not 6-positive, nor is in the class S
mon+ . For every α > 0, we have |αI| = α, but | · | is not additive on C. This shows that Theorem 4.4 is not valid for 3-positive maps in the class S (2) mon+ , in general.
